In this paper we derive a rank formula for the self-commutators of tuples of Toeplitz operators with matrix-valued rational symbols.
Introduction Let H and K be complex Hilbert spaces, let B(H, K) be the set of bounded linear operators from H to K, and write B(H) := B(H, H). For A, B ∈ B(H), we let [A, B] := AB -BA. An operator T ∈ B(H) is said to be normal if [T
We review the notion of functions of bounded type and a few essential facts about Hankel and Toeplitz operators and for that we will use [-].
For ϕ ∈ L ∞ , we write
where P and P ⊥ denote the orthogonal projection from L  onto H  and (H  ) ⊥ , respectively.
Thus we may write ϕ = ϕ -+ ϕ + . We recall that a function ϕ ∈ L ∞ is said to be of bounded type (or in the Nevanlinna class N ) if there are functions ψ  , ψ  ∈ H ∞ such that
We now introduce the notion of Hankel operators and Toeplitz operators with matrixvalued symbols. If is a matrix-valued function in L
Toeplitz operator with symbol defined by
Similarly, the greatest common right inner divisor d and the least common right inner multiple m of the family
The Beurling-Lax-Halmos theorem guarantees that d and m exist and are unique up to a unitary constant right factor, and d and m are unique up to a unitary constant left factor. We write 
Lemma . Let i := I θ i for an inner function
In view of Lemma ., if i = I θ i for an inner function θ i (i ∈ J), we can define the greatest common inner divisor d and the least common inner multiple m of the i by In this case, we define the degree of by
where On the other hand, we recall that an operator T ∈ B(H) is said to be subnormal if T has a normal extension, i.e., T = N| H , where N is a normal operator on some Hilbert space K ⊇ H such that H is invariant for N . The Bram-Halmos criterion for subnormality [, ] 
states that an operator T ∈ B(H) is subnormal if and only if
It is easy to see that this is equivalent to the following positivity test:
Condition (.) provides a measure of the gap between hyponormality and subnormality. In fact the positivity condition (.) for k =  is equivalent to the hyponormality of T, while subnormality requires the validity of (.) for all k. For k ≥ , an operator T is said to be k-hyponormal if T satisfies the positivity condition (.) for a fixed k. Thus the Bram-Halmos criterion can be stated thus: T is subnormal if and only if T is k-hyponormal for all k ≥ . The notion of k-hyponormality has been considered by many authors aiming at understanding the bridge between hyponormality and subnormality. In view of (.), between hyponormality and subnormality there exists a whole slew of increasingly stricter conditions, each expressible in terms of the joint hyponormality of the tuples (I, T, T  , . . . , T k ). Given an n-tuple T = (T  , . . . , T n ) of operators on H, we let
By analogy with the case n = , we shall say [, ] that T is jointly hyponormal (or simply,
Tuples T ≡ (T  , . . . , T m ) of block Toeplitz operators T i (i = , . . . , m) will be called a (block) Toeplitz tuples. Moreover, if each Toeplitz operator T i has a symbol i which is a matrix-valued rational function, then the tuple T ≡ (T  , . . . , T m ) is called a rational Toeplitz tuple. In this paper we will derive a rank formula for the self-commutator of a rational Topelitz tuple. 
The results and discussion

For an operator S ∈ B(H), S ∈ B(H) is called the Moore-Penrose inverse of S if
SS S = S, S SS = S , S S
and furthermore, if both A and C are of finite rank then
In fact, if A ≥  and ran A is closed then we can write Proof Suppose A ∈ B(H) has a closed range. Then (.) can be written as
Since by assumption, A * A has also a closed range, there exists the Moore-Penrose inverse
We then have
In the sequel we often encounter the following matrix: Thus, if we write P K for the orthogonal projection onto K := ran A, then by Proposition . we have
Since the normality of is a necessary condition for the hyponormality of T (cf.
[]), the positivity of H * * H * -H * H is an essential condition for the hyponormality of T . If
, the pseudo-self-commutator of T is defined by
be such that and * are of bounded type. Thus in view of (.), we may write
where θ  and θ  are inner functions and A, B ∈ H
In view of Proposition ., when we study the hyponormality of block Toeplitz operators with bounded type symbols (i.e., and * are of bounded type) we may assume that
is of the form
where θ  and θ  are inner functions and A, B ∈ H  M n . We first observe that if T = (T ϕ , T ψ ) then the self-commutator of T can be expressed as
For a block Toeplitz pair T ≡ (T , T ), the pseudo-commutator of T is defined by 
